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SYMMETRY AND POLYHEDRAL STELLATION--Ib~" 
G. M. FLEURENT 
Abdij der Norbertijnen, Abdijstraat 1, 3281 Averbode, Belgium 
Almtraet--Dual stellated forms and, among its applications, asymmetrical stellation patterns are discussed 
in detail in this contribution which is a sequel to he preceding paper. 
MODEL MAKING BY MEANS OF THE STELLATION PATTERN 
(a) Classification of stellated forms 
The levels of the tetragonal and trigonal pyramids and digonal points may, in the case of 
s(3/4)*, be combined in 3.4,6 = 72 possibilities. If  our exploration is exhaustive then only 
49 stellated forms may be built. Corresponding toeach combination there is a set of stellated forms. 
Each set can be denoted by three capital letters. On the axis of four-fold rotation, there are three 
levels, to which correspond the capital letters A, B and C, A being the lowest level. On the axis 
of three-fold rotation, there are four levels with the letters A-D and on the axis of two-fold 
rotation, there are six levels with the letters A-F. 
In the symbol, belonging to a set of stellated forms, the first letter refers to the level on the axis 
of four-fold rotation, the second letter refers to the level on the axis of three-fold rotation and the 
third letter refers to the level on the axis of two-fold rotation. If  different stellated forms of the 
same set, denoted therefore by the same symbol, have to be distinguished, a number may be added 
to the reference symbol. 
At the top of Table 1 the three levels of the axis of four-fold rotation are indicated. On the 
left-hand side there are the four levels of the axis of three-fold rotation. Within the table we obtain 
for each combination of the axes of four- and three-fold rotation, the kind of levels, also their 
number, of the axis of two-fold rotation. In the following models one of each set is presented in 
such a way that the lowest level on the axis of two-fold rotation, is chosen. By this criterion we 
get 12 models [see Table 2, Plates 6-17 and Figs 6-17:~ (stellation patterns)]. After construction, 
the 12 models may be displayed according to their place in the matrix, illustrating in this way the 
evolution of the levels of the pyramids and the digonal dihedral angles. 
Besides these 12 models there are others of interest: the first steUation, the last stellation and 
a series of three stellated forms, selected in such a way that they illustrate the notion of stellation. 
Plates 1-4, also the stellation pattern of Fig. 5, represent: s (3/4)*, the first stellation, a second 
stellation and a third stellation. Each of the stellated forms adds a layer of three-dimensional ce ls 
to the previous stellated form. 
(b ) Line segments and stellated forms 
By means of the model of Fig. 4 (see Plate 5), on the surface of which lines of the stellation 
pattern are drawn, we will illustrate how lines of the stellation pattern function in a model in space. 
Compare the plate and the stellation pattern. The stellated form is built up of the three-dimensional 
cells 1 and 4. The surface is in the stellation pattern built up by three facets, of which one contains 
three plane cells, namely la, lb and 4. 
A facet is bounded by the edges and the interior lines of intersection. In the stellation pattern 
edges are drawn by using full lines, for example AB in Fig. 4. Interior lines of intersection are drawn 
by using dotted lines, for example AE in Fig. 4. Even the perimeter of a face, not belonging to 
a facet, is drawn using heavy lines, for example AI in Fig. 4. 
Line segments have a four-fold function. 
1. Two edges in the steUation pattern correspond to one edge of the stellated form. The edges 
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Table 1. Constructible stellated forms of 
s(3/4)* according to the matrix (3*4*6) 
A B C 
A A to C A to C B to C 
3 3 2 
B A to F A to F B to F 
6 6 5 
C BtoF  BtoF  BtoF  
5 5 5 
D DtoF  DtoF  DtoF  
3 3 3 
Horizontally--axis of four-fold rotation 
with 3 levels: A, B, C; vertically--axis of
three-fold rotation with 4 levels: A, B, C, 
D; tabulated--axis of two-fold rotation 
with 6 levels: A, B, C, D, E, F. 
Table 2. Constructed stellated forms of the 
matrix (3*4,6) 
A B C 
A AAA BAA CAB 
B ABA BBA CBB 
C ACB BCB CCB 
D ADD BDD CDD 
of the pattern lie in a corresponding way on a pair of lines or symmetrically on an isolated line. 
In the example: the heavy line segments CD and AB on lines 10-11. 
2. Two interior lines of intersection i  the steUation pattern, which in a corresponding way 
belong to a pair of lines or lie symmetrically on an isolated line, correspond to one line of 
intersection of the stellated form, lying on the innerside of a visible facet of the facial plane. In 
the example: the dotted lines JG and JH on lines 3-4. The central part of an isolated line appears 
only once but may be produced symmetrically by different line segments. In the example: the dotted 
line HI on line 5. 
3. On the surface of the model of Plate 5 lines are drawn. Such a line belongs in a different 
way to two planes, because it is a line of intersection of a visible facet of the surface with an 
invisible, interior portion of a plane. Two equal line segments in the stellation pattern, lying in an 
corresponding way on a pair of lines or symmetrically on an isolated line, correspond to that line 
of the stellated form. One line segment lies within a facet. For example, in Fig. 4 CH. The other 
one is an invisible portion of the perimeter. For example, in Fig. 4 FG. The line segments FG and 
CH lie on lines 3-4. An other example, in Fig. 4 the non-dotted line segments AI and HK on line 
5. 
4. Interior to the stellated form there are lines of intersection of two planes. These lines are 
cut by the surface. Two equal ine segments in the central part of the stellation pattern correspond 
to such a line of intersection i the stellated form. These belong in a corresponding way to a pair 
of lines or they are symmetrically on an isolated line. For example, in Fig. 4 the fine lines EG and 
EI on lines 1-2 within the face. 
By looking for the facets of a stellated form these four rules are a good tool and each line of 
the face has to be tested with them. 
(c) Model making 
When we want to construct a stellated form of which a certain number of three-dimensional ce ls 
are given, so that the plane cells are situated in the stellation pattern, we have to look for the interior 
Plate 5. Stel lated fo rm AAA/2 .  
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lines of intersection, drawn with dotted lines, within the perimeter of the face. Some hints are given 
here. Experience will supply the rest. We refer to the stellation patterns and the plates of the 12 
models which have been selected. The perimeter of the desired stellated form is given with the plane 
cells, put together by means of the connected points. Now we point out for every axis of symmetry 
the highest level, lying within or on the perimeter. When the pyramids are obvious and uninterrupted 
the solution is easy to find. 
In the case of CAB and CBB the lines 12-13 form on the axis of four-fold rotation a pyramid 
of level C. These two lines have at the foot of the pyramid abreakpoint, because of the intersection 
with line 3. These points are to be the starting points of interior lines of intersection (see dotted 
lines). Corresponding to such a breakpoint in the stellation pattern we get in the stellated form 
a point of intersection of at least three planes, which intersect one another by interior lines of 
intersection. The solution is obvious in the case of CAB, because of the place of the trigonal and 
digonal points. Regarding CBB line 3 is excluded, because it contains a trigonal point of lower 
level. Therefore we look at he feet of the trigonal pyramid on the lines 10-11. These indicate the 
only possible solution for the interior lines of intersection, which have to be corresponding, equal 
line segments on the lines 7-8. 
The analysis is as easy for ADD, BDD and CDD. The trigonal pyramid of level D is obvious 
and formed of the lines 16-17. It is amazing to verify how the tetragonal pyramids B and C are 
structured. 
12 
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Fig. 16. CCB. 
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Fig. 17. CDD. 
At BAA we consider the corresponding breakpoints of lines 7-8. At AAA there is besides an 
unfinished tetragonal pyramid. ACB resembles BAA. At BCB the structure of the tetragonal 
pyramid, see lines 7-8, is interesting. The feet of this pyramid indicate how by corresponding, equal 
segments on the lines 10-11 and 12-13 the structure of the tetragonal pyramid becomes possible. 
Also the three cells 5 prove that. 
BBA and CCB illustrate another case. There is at BBA on the lines 8 and 10 a common break- 
point; in fact this is a common foot of the trigonal and tetragonal pyramids. In the stellated form 
such a breakpoint is the intersection of three planes, but the line of intersection is common to two 
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Plate 6. AAA. Plate 10. BAA. Plate 14. CAB. 
Plate 7. ABA. Plate 11. BBA. Plate 15. CBB. 
a 
Plate 8. ACB. Plate 12. BCB. Plate 16. CCB. 
Plate 9. ADD (left and right stellated 
form). 
Plate 13. BDD (with truncated 
trigonal pyramids). 
Plate 17. CDD (with truncated 
trigonal pyramids). 
planes which do not coincide with the plane of  the stellation pattern. At this breakpoint we will 
not find an interior line of  intersection (a dotted line). We have to look at the corresponding points 
on the lines 7 and 11, which form pairs with 8 and 10. Now the solution is obvious. We may analyse 
CCB analogously. AT  ABA the basis of  the trigonal pyramid indicates the solution. The point of  
intersection of  the lines 8 and 10 refer to the corresponding points on the lines 7 and 11, by which 
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an interior line of intersection has to be constructed. The structure of the tetragonal pyramid is 
possible only in one way, if we test the pairs 10-11 and 12-13 with rule 3, already explained. 
So far we have the explanation of the 12 models of the matrix, having obvious pyramids, without 
superfluous, extra cells in space, as on Plate 4. 
Using these principles we can build up the duals of the uniform polyhedra, if an asymmetrical 
stellation pattern is required [2]. 
By applying the Dorman Luke construction on the uniform polyhedron we get the theoretical 
shape of a face of the dual. In fact this shape does not delineate the complete intersection of a 
plane with all the other planes of the model. 
We consider the points of intersection ofall the lines with the perimeter, as given by the Dorman 
Luke construction. We complete all pairs of lines and isolated lines by looking for the points 
connected with these points of intersection. We obtain the same by searching for all corresponding 
and equal line segments. As a result we get the complete, real intersection of a plane. We call it 
the extended face. Now it is possible to apply the four rules and the analyses of the pyramids, given 
above, in order to deduce the interior lines of intersection of the facets. Figure 18 represents he 
adapted and correct stellation pattern for W.ll6-dual. Compare with Wenninger [2, p. 126]. By 
these duals there is on every axis of symmetry one visible pyramid, but there are also visible 
pyramids not lying on axes of symmetry. See W. 116-dual in Ref. [2]. 
Fig. 18. The extended face for W.116-dual. 
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SYMMETRICAL COMPOUNDS 
(a) The extended stellation pattern 
With each asymmetrical polyhedron it is always possible to construct a left and right model. Such 
a pair of models are called enantiomorphous. The right model can be deduced from the left one 
by reflexion in a single plane of symmetry or in all planes of symmetry [3, pp. 24-25]. We can easily 
think of a model of both solids, the left one and the right one, constructed around a common 
innersphere. The result is called a compound. This term refers to all polyhedra, constructed one 
intersecting another. 
In order to construct the left or right model, we need for the octahedral group the stellation 
pattern with 23 lines. The compound isderived from the stellation pattern with 46 lines. Analogous 
to group theory [3, p. 25] we propose to call the stellation pattern with 23 lines the original stellation 
pattern and the one with 46 lines the extended stellation pattern. The extended stellation pattern 
contains the 23 lines of the original stellation pattern, completed with 23new lines, which we call 
related lines. In the same way we can speak of a related steUation pattern and a related polyhedron. 
See Fig. 19, the extended steUation pattern of s (3/4)*; the lines with number are the related lines. 
The extended stellation pattern may be considered as being deduced from the central polyhedron, 
which is the intersection of the left and right one. In that solid of intersection planes are parallel. 
Two parallel ines in the stellation pattern correspond to a pair of parallel planes that belongs to 
the solid of intersection. The product of the distances to the centre of a pair of parallel ines is 
constant and equal to the square of the radius of the inscribed sphere of the dual polyhedron, from 
which the stellation pattern is deduced. Similarly, a related line far from the centre corresponds 
to a line of the original stellation pattern, lying near to the centre. Inverse, if a line of the original 
steUation pattern is far from the centre, then the related line is near to the centre. By this property, 
the product of the distances i equal to the square of the radius of the inscribed sphere, we can 
deduce the related lines from the lines of the original pattern, when we are calculating the extended 
stellation pattern. There are two kinds of related lines: 9 isolated lines, corresponding to the 9 
isolated lines of the original stellation pattern and related to the 9 planes of symmetry of the dual 
polyhedron, which we call lines of symmetry; 14 lines, forming 7 pairs, which correspond to the 
7 pairs of the original stellation pattern. 
Previously we described how the symmetric points of a polyhedron are situated in the original 
stellation pattern by gnomical projection. Points of symmetry of a dual polyhedron lie in planes 
of symmetry and these planes cut an inscribed sphere in great circles. Great circles are transformed 
into lines by gnomical projection. We ask: why do those lines belong to the related stellation 
pattern? 
With respect o a plane of symmetry a new plane is taken, symmetrical to the face of the base, 
which is the central polygon of the original stellation pattern. The new plane contains bydefinition 
a face of the related polyhedron, and when this plane cuts the plane of the stellation pattern we 
get a line of the related stellation pattern. Now the three planes (the plane of the stellation pattern, 
the plane of symmetry, the new related plane) cut each other in one line of intersection, and because 
of the gnomical projection applied to the plane of symmetry, that line of intersection contains 
several points of symmetry. We can repeat this construction with respect to each plane of symmetry. 
So we get in the related stellation pattern 9 lines of symmetry related to the 9 planes of symmetry. 
On each line of symmetry are four points of symmetry. Superimposed onto the original stellation 
pattern, those 9 related lines connect the digonal, trigonal and tetragonal points. This yields a plane 
tesselation, being a distorted, gnomical projection of half of the spherical M6bius-tesselation. For 
the periodic sequence of points of symmetry, see Ref. [4, p. 65]. 
Till now we discussed why nine lines, which are related to the 9 planes of symmetry, belong to 
the extended stellation pattern. This is the main point. We omit the discussion why they are related 
to the 9 isolated lines of the original pattern, because it is accidental nd there are two kinds of 
isolated lines. 
The lines of the original stellation pattern, also the 7 pairs of related lines, are divided according 
to corresponding and equal segments. None of the 9 symmetrical lines has in the extended stellation 
pattern a symmetrical partition. 
The 14 related lines form 7 pairs, which are not divided in equal segments in the usual way, that 
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is according to symmetrical points, also not according to their point of intersection. These 14 lines 
do not pass through points of symmetry. We must construct the two normals of a pair of related 
lines. The segments on the first line, taken from the foot of the normal in the direction of their 
point of intersection, correspond and are equal to the segments on the other line, taken from the 
foot of the normal in the other direction. 
(b ) The derivation of compounds 
For a given stellated form we assume that it is known how the face is situated in the original 
stellation pattern and we begin with drawing the facets. Now we keep in mind that in every vertex 
of the compound the edges are doubled. 
At the beginning of this section it was clearly stated that the compound isgenerated by reflexion 
of a left or right stellated form with one or all the planes of symmetry. Now it is obvious that all 
the lines of symmetry will split the facets in order to build up the related polyhedron by reflexion. 
On those lines of symmetry line segments are cut by the perimeter of the facets. These segments, 
lying within the facets, appear only once in the stellation pattern. By building the model of the 
compound the remaining part of the facet is constructed as a left and right element one against 
the other, separated by a segment of a line of symmetry. 
We can look at three compounds. See Plates 18-20 and stellation patterns 20-21. The 
compounds ADD and CCB have redoubling of respectively one or two pyramids. The edges of 
the pyramids of both compounds are lines of the original stellation pattern. The lines of intersection 
of the faces of the pyramids are lines of symmetry. In the case of ADD the base of the pyramid 
too is cut by lines of symmetry. In the case of CCB the bases of the pyramids are cut by shortened 
lines segments of the original stellation pattern. 
AAA/2 is the compound of the stellated form of Fig. 4 or Plate 5. It is amazing to find where 
equal segments of interior lines of intersection, taken on a pair of related lines, are situated in the 
extended stellation pattern. See Fig. 21. The line segments a are on the related pair 16-17, the 
segments b on the related pair 14-15. We can verify how those segments lie according to the point 
Fig. 19. The extended stellation pattern for the dual of the snub cube. Supplementary dashes indicate the 
pairs of lines or the isolated lines of the original stellation pattern. 
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Plate 18. Compound ADD; see Plate 9. Plate 19~Com~und CCB; see Plate i6. Plate 201 Compound AAA/2; see Plate 5. 
of intersection of the pairs and according to the feet of the normals. By building up the model of 
the compound two different facets are joined by the segment a. One facet lies at the segment a on 
the line 16, an other, but a different one lies at the segment a on the line 17. One facet belongs 
to the left polyhedron, the different one belongs to the right polyhedron. However, this alternates. 
The same holds for the two different facets, lying at the segment b of the lines 14-15. 
APPL ICATIONS 
(a ) The asymmetrical stellation patterns 
The asymmetrical stellation patterns, to which this study is relevant, are of two categories: 
~dua ls  of snubs and variants; 
~duals  of truncated quasi-regular polyhedra nd variants. 
The dual snubs s (3/4)* and s (3/5)* have, respectively, 23 and 59 lines in the stellation pattern. They 
can be understood through this study. This holds also for the following variants of s(3/5)*, having 
each 59 lines: WI12; Wi l l  and Wl14; Wl13, 116, 117, see Ref. [2]. Of all these polyhedra 
compounds of enantiomorphous stellated forms may be built with stellation patterns of 46 lines 
(octahedral group) or 118 lines (icosahedral group), which are analysed by following the 
explanation of the previous section. 
The stellation pattern for the hexakis octahedron or t (3/4)* has 48 lines. Variants: W79 and W93. 
The stellation pattern for the hexakis icosahedron or t(3/5)* has 118 lines. Variants: W84, W98 
and W108. These stellation patterns are analysed in the same way as the extended stellation patterns 
of a snub. In the centre of the pattern there is a irregular triangle, surrounded by an irregualr 
pentagon. Indeed, the pattern contains the stellation pattern for a variant of a dual snub. Referring 
to a variant of s(m/n)* we may speak of the original stellation pattern. Referring to a variant of 
t(m/n)* we may speak of the extended stellation pattern. 
(b ) The symmetrical stellation patterns 
The symmetrical stellation patterns have one or more axial reflexions. For instance: the pattern 
for the rhombic dodecahedron or (3/4)* has two axes of reflexion. Mostly there is only one axis 
of reflexion. For a complete numeration of symmetrical patterns for duals, the reader is referred 
to Ref. [2]. 
We choose the dual snub Wl 15 as an instance of a symmetrical stellation pattern with one axis 
of reflexion. We call this the central axis. In Fig. 22 we see the central part of the stellation pattern 
for W115-dual. This polyhedron has 60 faces in parallel pairs. Neither the face, parallel with the 
base, nor the base itself have any line in the pattern. Hence, there are 58 lines. 
One axis of two-fold rotation is parallel to the base and does not cut the stellation pattern in 
a digonal point. Therefore, there are only 14 digonal points and 14 isolated lines. 
Now we count the pairs of lines and the isolated lines: 
Through 6 pentagonal points pass 6*4 = 24 lines. 
Through 10 trigonal points pass 10.2 = 20 lines. 
Through 14 digonal points pass 14.1 = 14 lines. 
So we get a total of 58 lines. 
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Fig. 22. The central portion of the symmetrical stellation pattern for W. 115-dual. 
A polyhedron of the icosahedral group has 15 planes of symmetry. One plane of symmetry of 
W. 115-dual is perpendicular to the stellation pattern. The line of intersection coincides with the 
central axis, which is not a line of the stellation pattern. Therefore, there are only 14 lines of 
symmetry between the 58 lines. Each of these 14 lines passes through several points of symmetry. 
However, these lines form pairs of lines or isolated lines in those points of symmetry which lie on 
the central axis. 
The 14 lines of symmetry are distributed on the central axis as follows: 
Through 2 pentagonal points pass 4 pairs of lines. So we get 8 lines. 
Through 2 trigonal points pass 2 pairs of lines. So we get 4 lines. 
Through 2 digonal points pass 2 isolated lines. So we get 2 lines. 
Each of the remaining 44 lines of symmetry passes through one point of symmetry. This is a point 
of symmetry for a pair of lines or an isolated line. 
An edge or an interior line of intersection i a facet may be a line segment on a line of symmetry. 
That segment lies in a plane of symmetry of the stellated form. This form is symmetrical with 
respect o that segment. 
We have to adapt the matrix related to the levels of the vertices of the pyramids. Indeed: several 
points of symmetry are symmetrical with the central axis. Such a pair of points corresponds to one 
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level. A point of symmetry on the central axis corresponds also to one level. Therefore the total 
number of combinations of levels will be less than that of a asymmetrical pattern. So we get for 
the 6 pentagonal points 2 + 2 = 4 levels, for the 10 trigonal points 4 + 2 = 6 levels, for the 14 
digonal points 6 + 2 = 8 levels. In order to know all the combinations of levels of vertices we 
construct a matrix of order (4.6.8), which contains 192 elements. Not all of these elements 
correspond to a set of stellated forms. 
It is not because the stellation pattern has a symmetrical shape, that the faces of polyhedra or 
stellated forms lie symmetrically in the stellation pattern. The face of Wll5-dual has not a 
symmetrical shape and is not symmetrically situated according to the axis of symmetry. W1 19-dual 
is deduced from the same stellation pattern as W115-dual. The face however has a symmetrical 
shape and is symmetrically situated in the stellation pattern. 
This kind of duals has no extended stellation patterns. Enantiomorphous stellated forms and 
their compounds however may be derived from a symmetrical stellation pattern. But these are not 
real compounds, because the faces of two enantiomorphous stellated forms coincide and they form 
the face of one new solid. See Ref. [5]. 
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